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Abstract. In this note we give explicitly a family of probability densities, the 
moments of which are Fuss-Catalan numbers. The densities appear naturally 
in random matrices, free probability and other contexts. 
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In this note we study a family of probability densities 7r s , s € IN, which are 
uniquely determined by the moment sequences {m , mi, ... , m^, . . . } pQ. Here 
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are known as Fuss-Catalan numbers in Free Probability Theory [6]. The densities 
7r s belong to the class of Free Bessel Laws [3] and are known to appear in several 
different contexts, for instance, random matrices [U[3l|6], random quantum states 
[4] , free probability and quantum groups [3| . More precisely, tt s is the limit spectral 
distribution of random matrices in the forms like XfX* s and X\ ■ ■ ■ X S X* ■ ■ ■ Xj", 
where X±, . . . , X s are independent N x N random matrices; in free probability we 
have the free convolution relation: tt s = nf s [6j[3]. 

More generally, T. Banica et al [3J introduce a remarkable family of probability 
distributions 7T Sj t with (s,t) € (0, oo) x (0, oo) — (0,1) X (l,oo), called free Bessel 
laws. 7r s is the special case where t = 1, i.e., 7r S) i = tt s . The moments of 7r Sjt are 
the Fuss-Catalan polynomials (Theorem 5.2, [3]): 

Indeed, the following relation holds [3J: 

(o) 7T S) 1 = ir 1 , m t t = n 1 . 

The distribution 711,4, the famous Marchenko-Pastur law of parameter t or called 
free Poisson law, owns an explicit formula: 

(4) 7T M = max(l - t, 0)S + ^~ ( X ~ 1 ~ t) -. 

In special case, 



(5) 7Ti = 7Tx,i = — V4a 
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Another special case of 7r Sl t where an explicit density formula is available is, clue to 
Penson and Solomon [7], 

v'VS ^2(27 + 3V81 - 12a;) 2 / 3 -6&x. , , 

(6) " 2 " " x^(27 + 3>/81-12x)V3 V27/4](*). 

To the best of our knowledge, except for the above special cases there are no 
explicit formulae available for the other 7r Sjt . The aim of this work is to give explicit 
densities of tt s = 7r s l, s £ IN. We state our main result as follows and its proof is 
based on the method: how to find an explicit density from a given certain moment 
sequence used in [5J [5] . 

Theorem 1. Let tt s , s € IN be the unique densities determined by the Fuss- Catalan 
numbers in Eq. (J\), then we have the following formulae 

s 

where K = (s + l) s+1 /s s , r = TT tj and F(ti) = S(t 1 - 1) while for s > 1 

3=1 

F(t u ...,t a ) = - 1 



(8) ^"'(l - ir)^- 1 n tf*~\l - W^- 1 . 

Proof. First, we derive a family of symmetric distributions cr Sl the 2fc-moments of 
which are rrih in Eq.([T]). 

Consider the characteristic function of <j s as follows: 

~~ ( — £ 2 ) fe ( — £ 2 ) fc 



where 

1 fsk + k\ fc! 1 (sk + k)\ 



^ Pk sk + l\ k ) (2k)\ sk + 1 (sfc)!(2fc)!' 

A direct computation shows that the ratio 

p k+l _ sk + l 1 ((s + l)k + 1) (Q + l)fc + 2) ■ ■ ■ ((a + l)fc + a + 1) 

/3 fc ~~ s(fc + l) + l (2fc + l)(2fc + 2) (sk + l)(sk + 2) • • • (sk + s) 

_K (k + ^ I )(k + ^ I )---(k + 7 f I ) i 

4 (fc + |)(fc + f)---(fc + f) ^ + 1 + 1 

. K (k + a l )(k + a 2 )---(k + a s ) 1 



4 (k + h)(k + b 2 )---(k + b s ) k + b s+ 



Here 

1 i i + 1 

(11) &i = -, a f = — — and b i+1 = for i = 1,2,.. 

2 s + 1 s 
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Therefore, using the generalized hypergeometric function, we rewrite 

r+oo K 

(12) / e* x a s {x)dx = s F s+1 (a 1: . . . ,a s ;h,..., b s ,b s+1 ;-—£ 2 ) 

J — OO 

(13) = / F(t 1 ,...,t s ) F 1 (b s+1 ;-— e)d s t. 

Note that a\ = b\ for s = 1 but bj > Oj > 0, j = 1, 2, . . . , s when s > 1, in Eq.(JT3J) 
we have made use of Euler's integral representation of the generalized hypergeo- 
metric function [2]. 

Next, with the help of the integral representation of Bessel function of the first 
kind [2], that is, for a > — |, 

(14 > '7^TT)L e '" {1 - x3r ~ iix - 



1 2n _ T(a + 1) f 1 , . , 



oFl(a + 1; ^ = v , e ,« (1 _ ^a-^ 
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we get 



(15) = ~ / e*»(l - x 2 )*"^. 

Set a = 1/ s, z = VtK^, we have 
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T-K" 1 



4 B(i, 



il + i' 

2 ' 2 ~ S -i 
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„F l( /^ l :--^ 2 ) = _ 7r ^- TT / e^^il-x^-idx 



Combining (|16[) and (|13[) . after interchanging the order of integration, we then 
obtain 

1 f (tK — x 2 

(17) a s{x) = —j 1 u / ^7- F(ti,...,t s )l {TK > x2} d s t. 

^13' 2 + 7) "'[o.i] 3 (rif) 
Notice the fact 

(18) 7T S (X) = Zd&X 

V 2- 

the proof is then complete. □ 

At the end we remark that some properties of the density 7r s (x) follow easily 
from Theorem [TJ for instance, there are no atoms; the support is [0, K]; the density 
is analytic on (0,-K") (Theorem 2.1, [3]). 
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